Using a combination of density functional theory, tight-binding models, and Hartree-Fock theory, we predict topological phases with and without time-reversal symmetry breaking in oxide heterostructures. We consider both heterostructures containing light transition metal ions, and those containing heavy transition metal ions. We find the (111) growth direction naturally leads to favorable conditions for topological phases in both perovskite structures and pyrochlore structures. For the case of light transition metal elements, Hartree-Fock theory predicts the spin-orbit coupling is effectively enhanced by on-site multiple-orbital interactions and may drive the system through a topological phase transition, while heavy elements with intrinsically large spin-orbit coupling require much weaker, or even vanishing electron interactions to bring about a topological phase.
I. INTRODUCTION
Topological insulators (TI) have now been studied for nearly a decade and there are a number of excellent reviews available, from both an experimental and theoretical perspective.
1-4 Aside from the important example of SmB 6 , 5-8 all other experimental examples of topological insulators are weakly correlated. The most important reason for the weak correlation effects is that the bands of topological insulators near the Fermi energy are derived from s and p-type orbitals, which are rather extended. By contrast, the bands about the Fermi energy in SmB 6 are predominantly derived from f -orbitals, which are more localized, and therefore lead to flatter bands and enhanced interaction effects.
9
One of the persistent challenges in experimental studies of TI is the problem of high bulk conductivity.
4 While some progress has been made on this front over the past few years, it has largely been incremental, and for the most part has been focused on bismuth-based TI. An alternative route is to look for new classes of strongly insulating materials that might support topological insulator phases. If one is also interested in studying interaction effects that could possibly take one beyond the "band theory" description of topological insulators, materials with orbitals more localized than the s and porbitals are highly desirable. Transition metal oxides, which typically have bands derived from d-orbitals close to the Fermi energy, are excellent candidates: There are a large number of insulating oxides, and interaction effects are known to be important in many of them-the high temperature cuprate superconductors serving as an excellent example. 10, 11 Indeed, there have been a number of theoretical proposals for strongly correlated topological insulators in transition metal oxide systems.
12-20 A a) Electronic mail: fiete@physics.utexas.edu recent review of the prospects for such exotic phases in the context of three dimensional iridium (and other heavy transition metals) oxides is given in Ref. [21] .
In this article, we focus on topological phases in thin film (two-dimensional) oxide heterostructures that can be described within the band theory picture. There are three prime candidates: (1) The time-reversal invariant topological insulator characterized by a single Z 2 invariant, (2) The time-reversal symmetry broken Chern insulator characterized by a quantized Chern number and quantized Hall conductance, and (3) The mirror symmetry protected (with respect to the center of the plane of the thin film 22 ) topological crystalline insulator characterized by a mirror Chern number. [23] [24] [25] [26] Combinations of these are possible as well for a "doubly topological" system, though clearly (1) and (2) are mutually exclusive. The Chern insulator differs from the quantum Hall insulator in that the former has time-reversal symmetry spontaneously broken by interactions (that is, a spontaneous magnetization of some sort), while the latter has time-reversal symmetry broken by the application of an external magnetic field. As a result, a Chern insulator requires interactions (because there is no spontaneous magnetism without electron-electron interactions), while a (integer) quantum Hall system does not. A topological crystalline insulator may possess time-reversal symmetry or have it broken by magnetic order; the only restriction is that any magnetic order present must respect the mirror symmetry.
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In the remainder of this article, we will consider two transition metal oxide structures, the perovskite with formula ABO 3 and the pyrochlore oxide A 2 B 2 O 7 , where A is typically a rare-earth element, B is a transition metal element, and O is oxygen. Two specific examples we study are LaNiO 3 and Y 2 Ir 2 O 7 , which are both materials that have been grown and are well characterized in bulk form. Our new angle is to study the properties of thin films of these materials that are grown along the (111) crystalline axis. We find the physical properties of these films are rather different from the bulk. Moreover, there does not appear to be an obvious way to infer the film properties from the bulk. As a result, these systems appear to be excellent candidates for exploring novel phenomena, such as topological phases, even when the bulk (non-thin film) materials possess strikingly different properties, such as a conducting behavior. We are thus presented with the exciting possibility of finding "new physics" in "old materials". (Color online.) (a) We consider oxide heterostructures grown along the (111) direction of the form AB'O3/ABO3/AB'O3 for the perovskite structure and A2B'2O7/A2B2O7/A2B'2O7 for the pyrochlore structure. Both AB'O3 and A2B'2O7 are assumed to be non-magnetic, wide band gap (band) insulators. The shaded region consists of a (111) bilayer of the metallic ABO3 perovskite, such as LaNiO3, or in the case of pyrochlore structures, a bilayer or a trilayer of a material such as Y2Ir2O7. (b) Shown are the locations of the transition-metal ions (B) for the ABO3 structure. (c) The ABO3 bilayer system forms a "buckled honeycomb" lattice, which appears as a honeycomb lattice when projected to the plane perpendicular to (111). We assume that the relevant orbital degrees of freedom are the eg orbitals of the transition-metal ions for ABO3. For A2B2O7 with heavy transition metal ions, the relevant orbitals come from the spin-orbit split t2g manifold in the class of materials we study in this paper.
We are interested in a heterostructure similar to that shown in Fig.1 , where the film is grown along the (111) direction. Most experimental studies of thin films in the perovskite systems ABO 3 are grown along the (001) (or symmetry related) direction because aligning the growth direction along a cubic axis generally favors high quality films. On the other hand, growing along (111) effectively changes the crystal structure in a single layer thin film from a square lattice of transition metal ions for (001) to a triangular lattice of transition metal ions for (111), as shown in Fig.1 . For a bilayer grown along (001), one will have two square lattices of transition metal ions stacked directly on top of each other, but for growth along (111) a second "shifted" triangular lattice will sit on top of the original one. The combination of the two shifted triangular lattices is a "buckled" honeycomb lattice. In this example, growing along the (111) direction allows one to effectively "engineer" the lattice of the thin film, with important implications for the band structure in the weak coupling limit and the magnetic order in the strong coupling limit.
Likewise, the (111) 
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Various theoretical proposals now exist for topological phases in (111) grown transition metal oxide films, [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] and the list of candidate materials continues to grow. We believe it is likely that experiment will indeed find evidence of topological phases in this class of systems. Once a single example is found, experiments can be done to optimize material choices by "perturbing" around this material with different isovalent elements, substrates, etc, in order to achieve the maximum bulk gap. Our calculations suggest that the Chern insulator phase stands out as the mostly likely topological candidate for realistic conditions in thin film oxide heterostructures.
To be concrete, we will focus on the LaNiO 3 perovskite [31] [32] [33] [34] and the Y 2 Ir 2 O 7 pyrchlore iridate.
35,37
(We note that an interesting theoretical study of Co-doped LaNiO 3 (111) grown bilayers suggest that correlation-driven odd parity superconductivity may appear in this system. 45 ) First principles calculations show that the bands around the Fermi energy are predominately of d-orbital character in both LaNiO 3 and Y 2 Ir 2 O 7 .
33,34,46 As a result, the spatial shape of the orbitals are highly asymmetric and can lead to interesting band features on the triangular, kagome, and honeycomb lattices that appear in the thin film structures of interest to us. In particular, a simple tight-binding model for the Ni d-orbitals leads to flat bands that touch dispersing bands quadratically 31 (the flat touching feature persists with more realistic first principles band calculations 33, 34 ), and also bands that cross in a Dirac point (see Fig.2 ). The stability of such band touching and crossing points with respect to interactions has been discussed recently in the literature in the context of interaction-generated topological phases.
31,32,47-51
The central idea is that certain types of interactions, such as an on-site multi-orbital 31,32 interaction or different site density-density interaction in a single band [47] [48] [49] [50] model, can generate an effective spin-orbit term (at the Hartree-Fock level) that favors topological phases. This is one of the ideas we will explore in the remainder of this article in the context of real materials, though we will find that for heavier transition elements, such as iridium, "interaction generated spin-orbit coupling terms" are not needed to access topological phases. Thus, any doubts about the reliability of the Hatree-Fock predictions for enhanced spin-orbit effects can be circumvented by focusing on classes of materials with intrinsically large spin-orbit coupling. Note the quadratic band touching at the Γ point as well as the linear crossings at K and K . 34 For a spin unpolarized system the Fermi energy lies right at the quadratic band touching point, while for a fully polarized (ferromagnetic) system the Fermi energy lies right at the Dirac point. Our Hartree-Fock calculations suggest that for realistic interaction values, the system is very close to a fully spin-polarized state with a quantized Chern number-a quantum anomalous Hall state.
33,34
See Fig.4(b) .
The band structure obtained with the local density approximation (LDA) and the generalized gradient approximation (GGA) 34 for the fully relaxed LaNiO 3 (111) bilayer is shown in Fig. 2 . The two are nearly indistinguishable. Rotations of the octahedral oxygen cages are known to be important for large classes of transition metal oxides, 52 including LaNiO 3 for which the adjacent oxygen cages counter-rotate about the (111) axis, as shown in Fig.3(a) . To perform Hartree-Fock calculations with this band structure, we consider a tight-binding model based only on the nickel e g orbitals that includes nearest-neighbor hopping via the oxygen p-orbitals and second-neighbor hopping via the oxygen p-orbitals. We find a a good fit by including the small differences in the hopping to "outer" versus "inner" oxygen atoms.
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Assuming trigonal symmetry is preserved (a result consistent with our fully relaxed DFT results), we take the nearest-neighbor Slater-Koster parameters for hopping along the z-direction to be described by the matrix
in the basis (d z 2 , d x 2 −y 2 ). Here t includes predominantly the hopping via the intermediate oxygen while t δ arises from the direct overlap and is small. We set t δ = 0 in the following. Assuming that the nearestneighbor hopping in the x and y directions are equivalent to the hopping along the z direction, we obtain the corresponding matrices by a rotation of the e g -orbitals around (111) by ±2π/3. The matrix for the rotation Fig. 2 shows, these rotations do not lift the quadratic band touching at the Γ point or the Dirac points at K, K' in the Brillouin zone because they preserve the trigonal point group symmetry. 34 This, in turn, implies the predictions for interaction-driven topological phases in the (LaNiO3)2/(LaAlO3)N system remain qualitatively unchanged compared to the "ideal" lattice structure. 
The off-diagonal entries proportional to ∆ are allowed in the bilayer system discussed here (as opposed to a perfect cubic system) because the two possible paths connecting second-neighbor transition-metal ions are not equivalent: they either involve "inner" or "outer" oxygens.
Note thatt xy is not symmetric if ∆ = 0 which means that there is an associated direction for the hopping. We use the convention thatt xy denotes the hopping of an electron along a second neighbor bond which is reached by first following the y-axis and then the x-axis of the cube. By rotating the orbitals, we also obtain the second-neighbor hopping along the other directions: 
T is a vector in orbital space, s =↑, ↓ is the spin and the notation u + 1 refers to y if u = x with a cyclic extension to the other elements. Using the tight-binding model H 0 with parameters t, t , and ∆ (with t δ = 0), we fitted both the LDA and GGA band structures of the fully relaxed system near the Fermi level. The fitting parameters are listed in Table I and Fig. 4(a) shows the LDA together with the tightbinding band structure for the best fit. To study the multi-orbital interactions within Hartree-Fock theory, we use an on-site interaction of the form 10,53
We assume U = U − 2J and I = J, which are valid in free space and believed to be approximately true in the solid state environment. The total multi-orbital Hubbard Hamiltonian for the e g electrons is given by H = H 0 + H int , where H 0 is given in Eq. (3). The results 33, 34 are shown in Fig.4(b) . Studying a model that explicitly includes oxygen p-orbitals (where chargetransfer physics may appear) leads to similar results.

B. Y2Ir2O7 bilayers and trilayers
In order to study the (111) films of the pyrochlore in a set-up similar to that shown in Fig. 1(a) , we consider a tight-binding model
where the d-orbital hopping takes the form 19,54
which contains both an indirect and a direct hopping term between the d-orbitals. 12, 13, 55 Here, λ > 0 is the intrinsic spin-orbit coupling in the system which acts within the t 2g manifold so |l| = 1, and s i is the spin of the electron in a t 2g d-orbital on site i. 12, 13, 55 In the 5d oxides, the strength of the spin-orbit coupling is estimated to be 0.2-0.7 eV and the hopping strength is on the order of 0.4-0.6 eV. 13, 20 The hopping amplitude in Eq. (6) contains a direct d-d hopping, t dir iα,jβ , in addition to the indirect hopping via the oxygen orbitals. 19, 54 The direct hopping is parameterized by the strength of the σ-bonds, t s , and the π-bonds, t p . Following Refs. [19] and [54] , we consider a set of representative ratios to explore a realistic parameter space: We set t p = −2t s /3 and consider the cases of t s = −t and t s = t. Our preliminary GGA calculations for the thin-films suggest the band structure is most similar to that for t s = −t, though the further neighbor hopping is considerably more important for the 5d orbitals in Y 2 Ir 2 O 7 than it is for the 3d orbitals in LaNiO 3 .
To carry out Hartree-Fock calculations for the Y 2 Ir 2 O 7 films, we use the tight-binding model in Eq.(5) with t s = −t supplemented by an on-site Hubbard term, H U = U i n i↑ n i↓ , and further restrict ourselves to the j = 1/2 manifold. 35 The results are shown in Fig. 6 
III. CONCLUSIONS
In conclusion, we have shown both the (111) grown LaNiO 3 bilayer and the (111) grown Y 2 Ir 2 O 7 TKT trilayer are candidates for a quantum anomalous Hall state, which will show a quantize Hall conductance. We also found that realistic changes to the kinetic terms of Y 2 Ir 2 O 7 can also lead to a Z 2 topological insulator in the (111) grown Y 2 Ir 2 O 7 bilayer. The most natural way to detect these states is through transport measurements, as has been done for the few known Z 2 TI 56,57 and QAH systems. 58 From the point-of-view of technology applications, there is clearly a need in the field for more systems known to possess these phases. The huge variety of transition metal oxides, combined with existing theoretical results, would seem to suggest it may only be a matter of time before a topological phase is discovered in a system similar to those we considered here.
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